In this paper we construct a family of complex structures on a complex flag manifold that converge to the real polarization coming from the Gelfand-Cetlin integrable system, in the sense that holomorphic sections of a prequantum line bundle converge to deltafunction sections supported on the Bohr-Sommerfeld fibers. Our construction is based on a toric degeneration of flag varieties and a deformation of Kähler structure on toric varieties by symplectic potentials.
quite different, the quantum Hilbert space for a Kähler polarization should be isomorphic to the one for a real polarization. There are several examples where this principle is observed to be true. A non-singular projective toric variety has a natural Kähler structure, and its moment map for the torus action induces a (singular) real polarization. It is well known that the dimension of the space of holomorphic sections of the prequantum line bundle is the number of lattice points in the image of the moment map, which is also the number of Bohr-Sommerfeld fibers in the variety. This implies that the principle holds in this case. In [JW] Jeffrey-Weitsman showed that the principle also holds in the case of the moduli space of flat connections over a compact Riemann surface.
A flag manifold with an integral symplectic structure has a singular real polarization defined by the Gelfand-Cetlin system, which was introduced by Guillemin-Sternberg in [GS] , as well as a natural Kähler polarization since it is a complex manifold. In [GS] the authors studied the quantization of flag manifolds, and showed that the two polarizations give rise to quantizations with the same dimensions. However, their proof did not give any sort of direct relationship between the quantizations; rather, they computed the dimensions of the quantizations by other means (representation-theoretical and combinatoric) and showed they are equal.
One way of approaching the principle of independence of polarization is the following, considered by Baier, Florentino, Mourão and Nunes in [BFMN] . Fix a Kähler polarization P J and a real polarization P µ on (M, ω) respectively. Then the principle can be understood naturally if there is a family {P Js } s∈[0,∞) of Kähler polarizations on M with P J 0 = P J which converges to P µ in the sense that there exists a basis {σ m s } m∈BS(Pµ) of H(P Js ) for each s ∈ [0, ∞) such that, for each m ∈ BS(P µ ), σ m s converges to a delta-function section supported on the Bohr-Sommerfeld fiber µ −1 (m) as s goes to ∞. In [BFMN] , the authors carried out such a construction in the case of a non-singular projective toric variety by changing symplectic potentials, an important notion in the deformation theory of toric Kähler structures due to Guillemin [Gu1, Gu2] and Abreu [Ab1, Ab2] .
In this paper we construct a family of Kähler polarizations on a flag manifold that converge to the real polarization coming from the Gelfand-Cetlin system. See Theorem 2.1 for details. In doing so, we provide a direct relationship between the two quantizations. Our construction is based on the construction due to [BFMN] and the toric degeneration of a flag variety due to Kogan and Miller [KM] . Originally, a toric degeneration of a flag variety was constructed in terms of representation theory [GL, C] . Later Kogan and Miller introduced deformed actions of a Borel subgroup on the space of matrices and described a toric degeneration of a flag variety explicitly. Moreover, they constructed a "degeneration in stages" of a flag variety to study the geometric meaning of the Gelfand-Cetlin basis of the irreducible representation of the unitary group. In [NNU] Nishinou, Nohara and Ueda pointed out that through the degeneration in stages one can identify the Gelfand-Cetlin system on the flag manifold with the integrable system on the limiting toric variety.
Our construction of a family of Kähler polarizations on a flag manifold proceeds as follows. We start from a flag manifold F l n embedded in the product of projective spaces P = l=1,...,n−1 P( l C n ). For each (a 1 , . . . , a n−1 ) ∈ (Z >0 ) n−1 we fix a prequantum line bundle on P inducing a natural symplectic structure on F l n . The toric degeneration of the flag variety F l n due to [KM] is a family of complex subvarieties {V t } t∈C in P, where V 1 = F l n and V 0 is a toric variety. Since all V t are diffeomorphic to each other for t = 0, the family {V t } t =0 can be considered as a family of Kähler structures on the flag manifold F l n . On the other hand, there is a family of toric Kähler structures {V 0,s } s∈[0,∞) on V 0 with V 0,0 = V 0 , as considered in [BFMN] (explained above). If we could identify F l n with V 0,s as a symplectic manifold, we could pull back the complex structures on V 0,s to F l n . However, the toric variety V 0 is not diffeomorphic to the flag manifold F l n .
Instead, we consider a space V t that is an approximation to V 0 that is still diffeomorphic to the flag manifold F l n . We show that the deformation {V 0,s } s∈[0,∞) can be realized as the restriction of a deformation of the ambient toric variety P. The deformation of the ambient space induces a family of Kähler structures {V t,s } s∈[0,∞) on V t with V t,0 = V t for each t ∈ C. We develop a method to identify V t,s with V t,0 = V t as a symplectic manifold. Moreover, we identify F l n with V t as a symplectic manifold by using the gradient-Hamiltonian flow (a notion that is due to Ruan [R] ) along a path that is an approximation of the path for degeneration in stages. Hence we can pull the complex structure of V t,s back to F l n . We also lift this identification to the prequantum line bundle in order to pull back holomorphic sections. Thus we have a family of complex structures on the flag manifold with a fixed symplectic structure and a family of sections of the prequantum line bundle on the flag manifold, which are holomorphic with respect to the corresponding complex structure. Moreover, we give a precise estimate of these holomorphic sections, which allows us to prove that the holomorphic sections converge to delta-function sections supported on the Bohr-Sommerfeld fibers if we perform these two types of deformations simultaneously in an appropriate way.
The content of this paper is organized as follows. In Section 2 we state our main result. We review the results on a toric degeneration of a flag variety in Section 3. Then weThen the Plucker embedding
where [x I ; |I| = l] is the homogeneous coordinate of P( l C n ). Since the left U (n)-action on M n (C) commutes with the right B-action on M n (C), U (n) acts on F l n from the left.
Next we define a holomorphic line bundle on F l n and a Hermitian connection on it. Let H l be the hyperplane bundle on P( l C n ). It has a natural Hermitian metric h l such that
where R ∇ l is the curvature of the Chern connection ∇ l for the Hermitian metric h l , and ω l ∈ Ω 2 (P( l C n )) is the Fubini-Study form. Let π l : P → P( l C n ) be the projection. Fix a = (a 1 , . . . , a n−1 ) ∈ (Z >0 ) n−1 . Then we define a Kähler form ω P and a prequantum line bundle (L P , h P , ∇ P ) on P by
Then ∇ P is the Chern connection of (L P , h P ) and satisfies
, that is, L F ln is a holomorphic line bundle on F l n with a Hermitian metric h F ln and the Chern connection ∇ F ln whose first Chern form is ρ * ω P . The U (n)-action on F l n preserves ρ * ω P with a moment map µ U (n) : F l n → u(n) * .
Next we recall a certain completely integrable system on F l n . Consider U (l) for l = 1, . . . , n − 1 as a subgroup of U (n) defined by
O l,n−l ∈ M l,n−l (C) and O n−l,l ∈ M n−l,l (C) are the zero matrices, E n−l ∈ M n−l (C) is the unit element, and A ∈ M l (C). Let ι * l : u(n) * → u(l) * be the dual map of the inclusion
We identify u(l) with u(l) * by the invariant inner product. In [GS] Guillemin and Sternberg proved that
. The completely integrable system µ GC : F l n → R d and its image ∆ GC = µ GC (F l n ) ⊂ R d are called the GelfandCetlin system and the Gelfand-Cetlin polytope respectively. Note that µ GC : F l n → R d is a continuous map and that it is smooth on µ −1 GC (Int∆ GC ), where Int∆ GC is the interior of ∆ GC . Moreover, µ −1 GC (m) is a d-dimensional real torus for each m ∈ Int∆ GC . In [GS] Guillemin and Sternberg also proved that, for m ∈ Int∆ GC ⊂ R d , the fiber µ −1 GC (m) is a Bohr-Sommerfeld fiber if and only if m ∈ Int∆ GC ∩ Z d and that the number of the points ∆ GC ∩ Z d coincides with the dimension of the space of holomorphic sections
where ∂ F ln is the holomorphic structure on L F ln . Namely the quantum Hilbert space for the Kähler polarization on F l n is isomorphic to the one for the real polarization P µ GC coming from the Gelfand-Cetlin system µ GC .
In this paper we construct a family of complex structures {J s } s∈[0,∞) on F l n such that the family of Kähler polarizations {P Js } s∈[0,∞) converge to the real polarization P µ GC in the following sense.
Theorem 2.1. Let F and J F be the underlying C ∞ -manifold and the complex structure of F l n respectively. Set ω F = ρ * ω P ∈ Ω 2 (F) and
Then there exists a one parameter family of {J s } s∈[0,∞) of complex structures on F which satisfies the following:
(1) J s is continuous with respect to the parameter s ∈ [0, ∞).
converges to a delta-function section supported on the Bohr-Sommerfeld fiber µ
GC (m) and a measure dθ m on µ −1 GC (m) such that, for any smooth section φ of the dual line bundle (L F ) * , the following holds
Remark 2.2. By a similar argument as in the proof of Theorem 2.1 we can also prove that the support of the section σ m s converges to µ
However, we cannot prove that σ m s converges to a delta-function section for 
Toric degeneration of flag varieties
In [KM] Kogan and Miller constructed a toric degeneration of a flag variety based on a deformed Borel action. They also introduced degeneration in stages of a flag variety. In this section we review their construction and recall its symplectic geometric aspects due to Nishinou, Nohara and Ueda [NNU] .
Deformed Borel action and toric degeneration
First we define the right action • of the product group (GL n 
, . . . ,
Note that ι(M n (C × )) is the maximal torus of (GL n ) n . We also set
We also define a k-dimensional algebraic subtorus T
Then we have
GC . Next we define the deformed Borel action as follows. For t ∈ C × we define t ω ∈ M n (C × ) by
In the above (t ω ) ij is the (i, j)-component of t ω ∈ M n (C × ). Then we define the deformed action
be the coordinate ring of M n (C). Let U ⊂ B the subgroup consisting of the matrices with 1's on the diagonals. Then the ring of U -invariant functions C[v ij | 1 ≤ i, j ≤ n] U for the deformed action • t of U is generated by the deformed Plucker coordinates
From the definition of ω ∈ M n (Z) we see that q I (V, t) is a polynomial of v ij (1 ≤ i, j ≤ n) and t. Moreover, the deformed action • t can be naturally extended to the case t = 0. Thus we have a quotient F l n (t) = M n (C)// t B for all t ∈ C, where the right hand side is a GIT quotient by the deformed action • t . We also have a family f :
. F l n (1) is nothing but the flag variety F l n . Note that each F l n (t) is embedded in P by the deformed Plucker embedding ρ t : F l n (t) → P, which is defined
as in the case of the usual Plucker embedding. In [KM] Kogan and Miller proved the following, based on the argument in [GL] .
(2) F l n (t) is biholomorphic to F l n for any t ∈ C × . Moreover, F l n (0) is a toric variety on which the torus T GC acts with an open dense orbit.
Let us give a few remarks about Proposition 3.1. Note that, if we set
then we have F l n (t) = GL n (t)/ t B for t ∈ C × , where the right hand side is a geometric quotient of GL n (t) by the deformed action • t of the Borel subgroup B. So we see that F l n (t) is biholomorphic to F l n for any t ∈ C × . Moreover, since the action •g on M n (C) for g ∈ T GC commutes with the action • 0 b on M n (C) for b ∈ B, the torus T GC acts on F l n (0) = M n (C)// 0 B. Thus the family f : (M n (C) × C)//B → C can be viewed as a toric degeneration of a flag variety. The existence of a toric degeneration of a flag variety is originally proved in [GL, C] in terms of representation theory.
Degeneration in stages
To relate the U (n)-action on F l n = F l n (1) with the T GC -action on F l n (0), Kogan and Miller introduced degeneration in stages as follows.
, where t 1 = 1 and ω ij is given in (3.1).
In the above (τ ω ) ij is the
Thus we have F l n (τ ) = M n (C)// τ B for τ ∈ (C × ) n−1 in the same way as in Subsection 3.1. We note that F l n (τ ) is also embedded in P by the deformed Plücker relations as F l n (t).
It is easy to see that
We call the family {F l n (τ t k )} t∈[0,1] the k-th stage of the degeneration. Note that
Kogan and Miller considered the following degeneration in stages:
In [NNU] Nishinou, Nohara and Ueda clarified the relation between the Gelfand-Cetlin system on the flag variety F l n and the completely integrable system on F l n (0) coming from its toric structure as follows. The smooth part F l n (τ t k ) reg of F l n (τ t k ) has a symplectic structure ι * [NNU] , the authors proved the following.
• is constructed by using the gradientHamiltonian flow due to Ruan [R] , which is explained in the next section. The moment map for
• in the same way as in the case of the Gelfand-Cetlin system. Proposition 3.2 implies the completely integrable system on F l n (τ t k )
• for t ∈ [0, 1] and 1 ≤ k ≤ n − 1 remains the same during the degeneration in stages.
Due to Proposition 3.2, we have a diffeomorphism
where
• . Then Nishinou, Nohara and Ueda proved the following.
be the Gelfand-Cetlin system. Let µ T GC : F l n (0) → (t GC ) * be the moment map for the action of T GC on F l n (0). Then there is a linear iso-
Therefore the authors concluded that F l n (0) is a toric variety constructed from the Gelfand-Cetlin polytope ∆ GC . This fact is originally proved in [KM] in a different way. So F l n (0) is called a Gelfand-Cetlin toric variety. Moreover, the Gelfand-Cetlin polytope ∆ GC can be considered naturally as a subset of (t GC ) * . From now on we consider the Gelfand-Cetlin system to be the map µ GC : F l n → (t GC ) * .
Gradient-Hamiltonian flow
Then we have a family of symplectic manifolds {(V c , ρ * c ω)} c∈Breg where B reg is the set of regular values of f . To identify these symplectic manifolds, Ruan introduced the gradientHamiltonian flow in [R] . In this section we recall the gradient-Hamiltonian flow and its basic properties. We also discuss the lift of the gradient-Hamiltonian flow to the prequantum line bundle.
By simple computations we see that the following.
Lemma 4.1. Let (M, ω, J) be a Kähler manifold. Let ℜf and ℑf be the real and imaginary part of the holomorphic function f : M → C respectively. Let X ℑf ∈ X (M ) be the Hamiltonian vector field of the function ℑf . Then the following holds:
In particular, X ℑf = −grad(ℜf ) is non-zero at a regular point of f .
Suppose that f is proper and that each point in M is a regular point of f . Then we have the following vector field
Since f : M → B is proper, for any c ∈ B there exists ǫ c > 0 such that the flow {ϕ t } t generated by the vector field
In [R] Ruan found the following remarkable property.
We call Z ∈ X (M ) the gradient-Hamiltonian vector field, and {ϕ t } t the gradientHamiltonian flow respectively.
Next we discuss the lift of the gradient-Hamiltonian flow to the prequantum line bundle. Let us assume that there exists a prequantum line bundle (L, h, ∇) on M in addition to the above setting. For any c ∈ B we denote the restriction of (L, h, ∇) to the fiber V c by (L Vc , h Vc , ∇ Vc ).
The horizontal liftZ ∈ X (L) of Z ∈ X (M ) induces the flow {φ t } t , which is a lift of the gradient-Hamiltonian flow {ϕ t } t . Similarly, for any c ∈ B there exists ǫ c > 0 such that the flow
Then we have the following proposition. Since its proof does not seem to be found in the literature, we give a proof here.
Proof. Since the connection ∇ preserves the Hermitian metric h, the second assertion is obvious. So we prove the first assertion.
Since Z(ℑf ) = 0 on M , the gradient-Hamiltonian flow {ϕ t } t preserves M ℑf =ℑc = {p ∈ M | ℑf (p) = ℑc}. First we show that i(Z)ω = 0 on M ℑf =ℑc . In fact, we have
Let S ⊂ L be the unit sphere bundle and p : S → M the projection. If we denote the connection form of ∇ by α ∈ Ω 1 (S), then we have dα = p * ω. Since the restriction of the horizontal liftZ ∈ X (L) to S can be considered asZ ∈ X (S), we have i(Z)α = 0 and
Thus the flow induced by the vector fieldZ ∈ X (S) preserves the connection ∇ on p −1 (M ℑf =ℑc ).
Toric Kähler structures of toric manifolds
In this section we review toric Kähler structures of toric manifolds. Starting from a Delzant polytope, we construct a symplectic toric manifold in Subsection 5.1 and a complex toric manifold in Subsection 5.2. We identify them according to a choice of symplectic potentials due to [Ab1, Ab2, Gu1, Gu2] in Subsection 5.3. We also review certain deformation of toric Kähler structures by changing symplectic potentials, which was introduced in [BFMN] . Let T n be a real torus with the Lie algebra t n . Let
be a bounded Delzant polytope, where , : (t n ) * × t n → R is the natural pairing and r j is a primitive vector in the lattice t n Z for j = 1, . . . , d. We assume λ 1 , . . . , λ d ∈ Z. We set
Let T d be a real torus with the Lie algebra t d and X 1 , . . . , X d ∈ t d Z be the standard basis of t d . Let π : t d → t n be the surjective Lie algebra homomorphism defined by π(X j ) = r j for j = 1, . . . , d. Then the kernel of the corresponding Lie group homomorphismπ :
A symplectic toric manifold M symp
Letω be the standard symplectic form on
Next we define a prequantum line bundle on M symp . LetL symp = C d × C be the trivial line bundle with the standard fiber metrich. Let∇ be a Hermitian connection
, where x j , y j are the real and imaginary part of z j respectively. The action of
preserves the Hermitian metrich and the connection∇, where
is the exponential map. Then the prequantum line bundle (L symp , h, ∇) on M symp is defined to be the quotient of the restriction ofL symp to µ −1 K (ι * λ ∆ ) by the action of the subtorus K. Moreover, the quotient torus
where Int∆ is the interior of the Delzant polytope ∆. Then it is easy to see that (
is a diffeomorphism, whereq ∈ t d is taken so that π(q) = q. Note that we have
This section induces a unitary trivialization of the prequantum line bundle
It is easy to see the following by simple computations.
x i dθ i with respect to the unitary trivialization defined by the section s 0
A complex toric manifold M comp
Let ∆ be a Delzant polytope defined by (5.1), and denote its set of vertices by ∆(0). Let
Then the compact complex toric manifold M comp is defined to be the quotient space M comp = C d ∆ /K C , where K C is the complexification of the subtorus K. Similarly the complexification of the torus
Next we define a holomorphic line bundle on
The holomorphic line bundle L comp is defined to be the quotient of the restriction ofL comp to C d ∆ by the action of K C . Then the quotient torus T n
The section s 0 comp is holomorphic and non-zero on
It is well known that {σ m | m ∈ ∆ ∩ (t n ) * Z } is a basis of the space of holomorphic sections H 0 (L comp ,∂).
Next we introduce a complex coordinate on M 0 comp . Fix a Z-basis p 1 , . . . , p n ∈ (t n ) * Z and its dual basis q 1 , . . . , q n ∈ t n Z as in Subsection 5.1. Then we define a complex coordinate
where r j ∈ t n Z is the vector in (5.1) for j = 1, . . . , d. Since
(5.7)
Symplectic potentials
In Subsections 5.1 and 5.2, starting from a Delzant polytope ∆ defined in (5.1), we constructed a symplectic and complex toric manifold respectively. In this section we identify them, using symplectic potentials due to [Gu1, Gu2, Ab1, Ab2] . We also recall a certain deformation of toric Kähler structures due to [BFMN] .
It is well known that this map is a diffeomorphism. In [Gu1, Gu2] Guillemin showed that this map is described by a single function g can as follows.
Fix a Z-basis p 1 , . . . , p n ∈ (t n ) * Z and its dual basis q 1 , . . . , q n ∈ t n Z as in Subsections 5.1 and 5.2. Fixq i ∈ t d Z so that π(q i ) = q i for i = 1, . . . , n. Let (x, [θ]) be the symplectic coordinate on M 0 symp and (w 1 , . . . , w n ) the complex coordinate on M 0 comp induced by p 1 , . . . , p n ∈ (t n ) * Z respectively. If we write p = n i=1 x i p i , then, by (5.3) and (5.6) we have
where g can : Int∆ → R is a function defined by
Note that g can extends continuously to g can : ∆ → R.
Definition 5.2. A function g ∈ C 0 (∆) is a symplectic potential if and only if the following holds:
The Hessian Hess p g of g at p is positive definite for any p ∈ Int∆, (3) there exists a strictly positive function α ∈ C ∞ (∆) such that
for any p ∈ Int∆ .
The set of symplectic potentials is denoted by SP (∆).
The following results are due to [Gu1, Gu2, Ab1, Ab2] , supplemented by [BFMN] .
Theorem 5.3. Let ∆ ⊂ (t n ) * be a Delzant polytope. Let (M symp , ω) be a symplectic toric manifold and (M comp , J) a complex toric manifold constructed from ∆. Let (L symp , h, ∇) be a prequantum line bundle on M symp and (L comp ,∂) a holomorphic line bundle on M comp constructed from ∆. Fix a Z-basis p 1 , . . . , p n ∈ (t n ) * Z . Let (x, [θ] ) be the symplectic coordinate on M 0 symp and w = (w 1 , . . . , w n ) the complex coordinate on M 0 comp induced by p 1 , . . . , p n ∈ (t n ) * Z respectively.
The map χ g is independent of the choice of the basis p 1 , . . . , p n ∈ (t n ) * Z . Moreover, if we write
symp is given by
On the other hand, if χ : M symp → M comp is a T n -equivariant diffeomorphism such that (M symp , ω, χ * J) is a Kähler manifold and that χ is homotopic to χ can , then there exists g ∈ SP (∆) such that χ = χ g .
In [BFMN] the authors considered a certain 1-parameter family of symplectic potentials, which provides a 1-parameter family of identification of a symplectic toric manifold with a complex toric manifold. In other words, it provides a deformation of toric Kähler structures. The authors proved the following remarkable property of the deformation.
be the diffeomorphism and the bundle isomorphism defined by g s = g 0 + sν ∈ SP (∆) for s ≥ 0 respectively, where ν : ∆ → R is a smooth strictly convex function. Then, for each m ∈ ∆ ∩ (t n ) * Z , the sectioñ
converges to a delta-function section supported on the fiber µ T n (m) such that, for any smooth section φ of the dual line bundle L * symp , the following holds
Note that the authors proved the above results not only for m ∈ Int∆ ∩ (t n ) * Z but for all m ∈ ∆ ∩ (t n ) * Z . In Proposition 6.6 below we slightly generalize this proposition.
6 Submanifolds under the deformation due to [BFMN] In the last section, starting from a Delzant polytope ∆ defined by (5.1), we constructed a symplectic toric manifold (M symp , ω) and a complex toric manifold (M comp , J). In this section, we study the change of the identification χ s : (M symp , ω) → (M comp , J) and its lift χ s : (L symp , h, ∇) → (L comp , ∂) induced by a family of symplectic potentials g s = s 0 + sν ∈ SP (∆) for s ≥ 0, where ν ∈ C ∞ (∆) is a weakly convex function. In particular, we study the behavior of submanifolds and the prequantum line bundle on it under the change of identification of the ambient toric manifolds.
Identification of submanifolds
Given a complex submanifold V comp of (M comp , J), we consider the change of the identification χ s : (M symp , ω) → (M comp , J). This implies that the complex structure of the complex submanifold remains the same, but the symplectic structure (χ −1 s ) * ω on it changes. In this subsection, we develop a method to identify (V comp , (χ −1 s ) * ω) as a symplectic manifold. We also lift the identification to the prequantum line bundle.
Proposition 6.1. Let (V comp , J V ) be a compact complex submanifold of (M comp , J) and
, and denote the embedding by ρ 0 : V symp → M symp .
(1) There exists an embedding ρ s :
is a Kähler manifold and the following diagram commutes:
(3) The maps ρ s and χ s are canonically defined and depend smoothly on s ≥ 0.
We show the following.
Claim 6.2. There exists a diffeomorphism φ s :
Proof of Claim 6.2. Define a vector field X s ∈ X (M comp ) by
By (6.1) we have
Suppose that there exists a diffeomorphism φ s :
Moreover we have φ 0 = id Vcomp from this construction.
In the above construction of φ s there is no ambiguous choice. So φ s is canonically defined and depends smoothly on s ≥ 0. Therefore the maps ρ s and χ s are canonically defined and depend smoothly on s ≥ 0.
Next we construct a lift of the maps ρ s : V symp → M symp and χ s : V symp → V comp to the prequantum line bundle. Proposition 6.3. In addition to the assumption of Proposition 6.1, let
The mapsρ s andχ s are canonically defined and depend smoothly on s ≥ 0.
Proof. We use the same notation as in the proof of Proposition 6.1.
(1) First we show the following. 
Proof of Claim 6.4. Define θ :
By (6.2) we have
Thus we have
where we used (6.3) and (6.4) in the second equality. This implies Claim 6.4.
Consider the line bundle (L
symp be the unit sphere bundle and p : S ′ → V symp × [0, ∞) the projection. If we denote the connection form of ∇ ′ by α ∈ Ω 1 (S ′ ), then we have dα = p * R * ω. If we denote the horizontal lift of
Thus the flow defined by the vector field ξ ∈ X (S ′ ) preserves the connection
(3) This is obvious from the definition of the mapsρ s andχ s .
Toric subvarieties
Let (M symp , ω) and (M comp , J) be a symplectic and complex toric manifold, respectively, constructed from a Delzant polytope ∆ defined by (5.1). In this subsection we study a (possibly singular) toric subvariety V comp of (M comp , J) under the deformation of toric Kähler structures of the ambient toric manifold. Fix a Z-basis p 1 , . . . , p n ∈ (t n ) * Z and its dual basis q 1 , . . . , q n ∈ t n Z . This induces symplectic coordinate (x, [θ]) on M 0 symp as in Subsection 5.1 and complex coordinate w = (w 1 , . . . , w n ) on M 0 comp as in Subsection 5.2. Note that M 0 comp is the T n C -orbit through e = (1, . . . , 1) ∈ M 0 comp .
Proposition 6.5. Let T l C be an l-dimensional subtorus of T n C . Let ι * : (t n ) * → (t l ) * be the dual map of the inclusion of the Lie algebra ι : t l → t n . Let V comp ⊂ M comp be a closed ldimensional (possibly singular) toric subvariety containing e = (1, . . . , 1). The torus action on V comp is the restriction of the T l C -action on M comp and its orbit through e is open dense in V comp .
(1) Let χ s : M symp → M comp be the diffeomorphism defined by
where ν : ι * (∆) → R is a smooth strictly convex function. Set (6.5) which contains e = (1, . . . , 1). By (5.8) we see that (
On the other hand, we have
is a differential in the direction of ker ι * for all p ∈ ker ι * ∩ (t n ) * Z . Therefore we have ( 
comp is a C ∞ -map and its differential is an isomorphism at each point,
is a bijective continuous map and V comp is a compact Hausdorff space, it is a homeomorphism.
(2) In the proof of Proposition 6.1 we constructed φ s :
In our situation the vector field Y s is defined on V 0 comp . Since V 0 comp is non-compact, it is not obvious that Y s is integrated to define the map φ s | V 0
However, we show that this holds in our case and that φ s | V 0 comp extends to a homeomorphism φ s :
In the proof of Proposition 6.5 (1), we showed that
comp is a diffeomorphism. Moreover, by (6.2) the restriction
takes its values in the tangent bundle of V 0 comp . If we note (6.1), we have
Thus we have
0 = i(Y s )(ρ * comp ω s ) + ρ * comp η s = i(Y s + (ψ −1 s ) * (X s | V 0 comp ))ρ * comp ω s .
So we have
Then the rest of the statement is obvious.
Recall that we defined a holomorphic section σ m of L comp for m ∈ ∆ ∩ (t n ) * Z by (5.5). Thenχ * s σ m is a section of L symp . By Proposition 6.5 (2), the sectionρ
Proposition 6.6. In addition to the assumptions in Proposition 6.5, suppose that ι
Then there exists C 0 (s) > 0, depending continuously on s ≥ 0, such that lim s→∞ C 0 (s) = 0 and, for arbitrary s ≥ 0,
The section τ m s | Vsymp converges to a delta-function section supported on the Bohr-Sommerfeld fiber µ −1
T l (ι * m) ∩ V symp such that, for any smooth section φ of the dual line bundle (L V symp ) * , the following holds
symp as in the previous subsections. By (6.5) we have
On the other hand, due to Lemma 5.1, we see that
with respect to the trivialization defined by s 0 symp . Therefore, for a fixed
is covariantly constant. Since δ p is single-valued if and only if p ∈ Int∆ V ∩ (t l ) * Z , we finish the proof. (3) The following proof is a slight modification of the argument in [BFMN] . If we write
) and Theorem 5.3, we havẽ
. As in the argument in Section 4 in [BFMN] , we have
Since ν : ι * (∆) → R is strictly convex and ι * ∆ is compact, if we put
So we have
On the other hand, there exists C 3 > 0, for sufficiently small r > 0,
Since ς m is non-zero on µ −1 T l (ι * m) and independent of s ≥ 0, there exists
sν(ι * m)−sC 2 r 2 (6.8) By (6.7) and (6.8) there exists C 5 > 0 such that
Since we can take small r > 0 so that C 1 p − ι * m 2 − C 2 r 2 > 0 for any p ∈ ι * ∆ \ B ι * m , we finish the proof. (4) By the above argument, we also have
is the Dirac delta function on (t l ) * supported at the origin. Moreover, the restriction ς m | µ
T l (ι * m)∩Vsymp , where c is a constant, is a covariantly constant section on µ −1 T l (ι * m)∩V symp , which we denote by δ ι * m (θ ′ ). So the assertion is proved easily. The details are the same as in [BFMN] .
Proof of main result
In this section we prove Theorem 2.1 by applying the method developed in Section 6. In Subsection 7.1 we explain how the setting of Theorem 2.1 fits into the framework of Section 6. In Subsection 7.2, we construct a family of complex structures on the flag manifold, from which (1), (2) and (3) of Theorem 2.1 turn out to be obvious. Finally, we prove Theorem 2.1 (4) in Subsections 7.3 and 7.4.
Set up
In Section 2 we fixed a symplectic structure ω P on P = n−1 l=1 P( l C n ). We denote the complex structure on P by J P . Note that (P, ω P , J P ) is a toric Kähler manifold, constructed from a Delzant polytope ∆ P . Moreover, the toric Kähler manifold (P, ω P , J P ) can be viewed as the identification of a symplectic toric manifold (P symp , ω P ) with a complex toric manifold (P comp , J P ) by the diffeomorphism χ 0 : (P symp , ω P ) → (P comp , J P ) defined by a symplectic potential g 0 ∈ SP (∆ P ), as in Subsection 5.3. Similarly, the Hermitian line bundle (L P , h P , ∇ P ) can also be viewed as the identification of the prequantum line bundle (L P symp , h P , ∇ P ) on (P symp , ω P ) with the holomorphic line bundle (L P comp , ∂ P ) on (P comp , J P ) via the bundle isomorphismχ 0 , which is a lift of the map χ 0 : P symp → P comp . The flag manifold (F, ω F , J F ) in Theorem 2.1 can also be viewed as the identification of (F symp , ω F ) with (F comp , J F ) as follows. Let us denote the Plücker embedding by
Then we have the following commutative diagrams:
whereρ symp andρ comp are the natural embeddings. In Subsection 3.1 we constructed a family of varieties {F l n (t) = M n (C)// t B} t∈C . We set (V t,comp , J Vt ) = F l n (t) for t ∈ [0, 1] and denote the deformed Plücker embedding by ρ t,comp : V t,comp → P comp , which is defined in Subsection 3.1. Let V t,symp = χ −1 0 (V t,comp ) and ρ t,0 : V t,symp → P symp be the embedding. We also set (
. Then we have a commutative diagram, which is the case s = 0 in the diagram (7.4) below. Note that V 1,comp = F comp and V 1,symp = F symp and that V 0,comp is the Gelfand-Cetlin toric variety F l n (0) ⊂ P. Thus the above family {V t,comp } t∈ [0, 1] connects the flag manifold F comp with the Gelfand-Cetlin toric variety F l n (0). For any t ∈ [0, 1], fix a path γ t : [0, 1] → C n−1 , which is given by straight lines connecting the points:
Recall that we constructed a family of varieties {F l n (τ ) = M n (C)// τ B} for τ ∈ (C × ) n−1 in Subsection 3.2 and that we also constructed a degeneration in stages by extending the family. The path γ t is an approximation to the path γ 0 for the degeneration in stages. Note that F l n (γ t (1)) = (V t,comp , J Vt ) for t ∈ [0, 1]. Due to Propositions 4.2 and 4.3, the gradient-Hamiltonian flow along the path γ t for t ∈ (0, 1] gives a symplectic diffeomorphism and its lift as in the following diagram:
We can also extend Ψ t : F symp → V t,symp in (7.2) to the case t = 0 if we restrict its domain to an open dense subset F • symp of F symp . It is already given by (3.2). Using the notation in this section, it should be written as Ψ 0 : F • symp → V • 0,symp . We also have its lift to the prequantum line bundle. Thus we have the following:
7.2 Construction of a family of complex structures
with an open dense subset, as explained in Subsection 3.2. There is an injective homomorphismι GC : T GC → T P such that the embedding ρ 0,comp : V 0,comp → P comp is equivariant. It is described explicitly in Section 6 in [NNU] . Let ι * GC : t * P → t * GC be the dual map of the inclusion of the Lie algebras ι GC : t GC → t P . From the description of the mapι GC : T GC → T P given in [NNU] we see that ι * GC ((t P ) * Z ) = (t GC ) * Z . Fix a strictly convex function ν : t * GC → R and set ν = ν • ι * GC : t * P → R. Let us consider the diffeomorphism χ s : (P symp , ω P ) → (P comp , J P ) defined by g s = g 0 + sν ∈ SP (∆ P ). Due to Propositions 6.1 and 6.3, we have the following commutative diagrams:
. Note that ρ * t,s ω P = ρ * t,0 ω P ∈ Ω 2 (V t,symp ). In the case (t, s) = (1, 0) the diagrams (7.4) are the same as the diagrams (7.1). In the case t = 0 the diagrams (7.4) describe the deformation of toric Kähler structures of the Gelfand-Cetlin toric variety V 0,comp . The defining equation of the image of the embedding ρ 0,comp : V 0,comp → P comp is given by the equations (7) in [NNU] . From this description we see that the image ρ 0,comp (V 0,comp ) contains the point (1, . . . , 1) ∈ P in the notation in Proposition 6.5. So Proposition 6.6 can be applied to our case. Therefore the holomorphic sections on V 0,comp converge to delta-function sections supported on Bohr-Sommerfeld fibers as s goes to infinity. Therefore the holomorphic sections on V t,comp are close to delta-function sections when t and s go to zero and infinity, respectively, at the same time. So we make t a function of s as follows: Let t : [0, ∞) → R be a monotone decreasing C ∞ -function with t(0) = 1 and lim s→∞ t(s) = 0. (In fact, t(s) should be required to satisfy additional conditions, which will be discussed in Lemma 7.5 below.)
We define a complex structure J s on (F symp , ρ * symp ω P ) as the pull back of J V t(s) by the following composition of diffeomorphisms, which appeared in the diagrams (7.2) and (7.4):
Namely, a family of complex structures {J s } s∈[0,∞) on (F symp , ρ * symp ω P ) is defined by
Then (1) and (2) 
is an isomorphism of holomorphic line bundles. To prove Theorem 2.1 (4), we have to construct a basis
Recall that the Gelfand-Cetlin polytope ∆ GC is considered as a subset of t * GC as explained in Subsection 3.2. Since ι
comp , ∂ V t(s) ) are isomorphic for s ≥ 0 as complex manifolds and holomorphic line bundles respectively, we can extend a basis 
Another gradient-Hamiltonian flow
To prove that the holomorphic sections defined by (7.6) converge to delta-function sections, we introduce another gradient-Hamiltonian flow. Let us consider the family of varieties f : (M n (C)×C)//B → C constructed in Subsection 3.1. Put the standard Kähler metric on C. Consider the map F : (M n (C) × C)//B → P symp × C given by F (x) = (ρ t,0 (x), t) if x ∈ V t,symp = f −1 (t). We put the Kähler metric on the smooth part of (M n (C) × C)//B by pulling back the metric on P symp × C by the map F . Consider the gradient-Hamiltonian flow along the straight-line path from 1 to 0 in C. Since V t,symp are smooth manifolds for all t ∈ (0, 1], by Lemma 4.1 the vector field and thus the flow are defined on all of V t,symp for each t ∈ (0, 1], and also on V • 0,symp , where V • 0,symp is the same as in (7.3). Let V • t,symp ⊂ V t,symp denote the image of V • 0,symp under the reverse flow. Then, due to Propositions 4.2 and 4.3, we have the following symplectic diffeomorphism and its lift defined by the gradient-Hamiltonian flow for t ∈ [0, 1]:
Let µ T P : P symp → t * P be the moment map for the T P -action on (P symp , ω P ). Set µ T GC = ι * GC • µ T P : P symp → t * GC . Fix an open set B ⊂ Int∆ GC such that Int∆ GC ∩ (t GC ) * Z ⊂ B and B ⊂ Int∆ GC . Set U 0 = µ
Here we are considering V 0,symp as a subset of P symp by the embedding ρ 0,0 . Moreover, we set U t = Φ −1 t (U 0 ) and U c t = V t,symp \U t . We denote the closure of U t in V t,symp by U t . Note that U t and U c t are compact. Let d P ( , ) be the distance on P. Then we have the following.
Lemma 7.1. For an arbitrary ǫ > 0, there exists t 1 > 0 such that d P (ρ t,0 (x), ρ 0,0 (Φ t (x))) < ǫ for any 0 ≤ t ≤ t 1 and x ∈ U t ⊂ V t,symp .
Proof. Fix an arbitrary small t ′ 1 > 0. Then U t consists of regular points of f : (M n (C) × C)//B → C for any 0 ≤ t ≤ t ′ 1 and 0≤t≤t 1 U t is compact. As noted in Lemma 4.1, |grad(ℜf )| is non-zero at regular points of f . Therefore there exists a c > 0 such that |grad(ℜf )| ≥ c on U t , for every t ∈ [0, t ′ 1 ]. Thus the gradient-Hamiltonian vector field Z satisfies |Z| ≤ 1 c on U t for t ∈ [0, t ′ 1 ]. Since Φ t is the flow of Z over a "time" t, we finish the proof.
Similarly we have the following. Lemma 7.2. For an arbitrary ǫ > 0, there exists t 2 > 0 such that d P (ρ 1,0 (Ψ −1 t (x)), ρ 1,0 (Ψ −1 0 • Φ t (x))) < ǫ for all 0 ≤ t ≤ t 2 and x ∈ U t ⊂ V t,symp , where Ψ t is the map in (7.2) or (7.3).
Proof. This follows from "smoothness in initial conditions" results in the theory of differential equations. Because the path γ t is close to the path γ 0 considered in Subsection 7.1 for small t > 0, the resulting diffeomorphisms Ψ t and Ψ 0 are very close. Combining with Lemma 7.1, we finish the proof.
Convergence to delta-function sections
For an m ∈ Int∆ GC ∩ (t GC ) * Z we have chosenm ∈ ∆ P ∩ (t P ) * Z such that ι * (m) = m and defined the holomorphic section σ m s by (7.6). From now on we prove that, if we choose t(s) appropriately for s ≥ 0, the section Proof. Fix arbitrary φ ∈ Γ((L F symp ) * ). Then we have: The second term on the right hand side of (7.8) is estimated by (7.7). Next we estimate the first term on the right hand side of (7.8). By Lemma 7.4 together with (7.11), (7.15), (7.16) and (7.17) we have, for each section φ ∈ Γ((L F symp ) * ), n = 1, 2, . . . , s ∈ [n, n + 1] and t ∈ [0, t n ] We can take a continuous decreasing function t : [0, ∞) → R with t(0) = 1 and lim s→∞ t(s) = 0 such that t(n) ≤ t n for n >> 0. Thus we finish the proof of Lemma 7.5.
We use t(s) in Lemma 7.5 to define the complex structure J s by (7.5) and the holomorphic section σ m s by (7.6). If we recallΨ * t 
